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Abstract
In this paper we introduce an alternative form of coarse geometry on proper metric spaces,
which is more delicate at inﬁnity than the standard metric coarse structure. There is an
assembly map from the K-homology of a space to the K-theory of the Cn-algebra associated
to the new coarse structure, which factors through the coarse K-homology of the space (with
the new coarse structure). A Dirac-type operator on a complete Riemannian manifold M gives
rise to a class in K-homology, and its image under assembly gives a higher index in the K-
theory group. The main result of this paper is a vanishing theorem for the index of the Dirac
operator on an open spin manifold for which the scalar curvature kðxÞ tends to inﬁnity as x
tends to inﬁnity. This is derived from a spectral vanishing theorem for any Dirac-type operator
with discrete spectrum and ﬁnite dimensional eigenspaces.
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1. Introduction
Coarse geometry is the study of the ‘large scale’ properties of spaces. The notion of
‘large scale’ is quantiﬁed by means of a coarse structure. We will express a coarse
structure on a set M as a collection of controlled subsets of M  M: (In some papers,
the term entourage is used instead of controlled set.) Alternatively one may think of
such a structure as a rule for determining when two maps from another set L into M
are ‘close’. Two maps c;f are close if the set fðcðxÞ;fðxÞÞ : xALg is controlled, and
conversely the collection of controlled sets can be obtained as those subsets A of
M  M for which the coordinate maps p1; p2 : A-M are close. An important
example of such a structure is the bounded coarse structure on a metric space M; for
which one declares that two maps c;f : L-M are close if the distance dðcðxÞ;fðxÞÞ
is bounded uniformly in x:
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If M is a complete Riemannian manifold, and D is a Dirac-type operator on M;
then one can deﬁne an index of D taking values in a certain abelian group associated
to the bounded coarse structure of M: This group is the K-theory group of the
algebra of controlled propagation, locally compact operators on L2ðMÞ: The
bounded coarse index has been studied by Higson, Roe, Yu, and their coworkers
(cf. [8,9,11]). In particular these authors prove a vanishing theorem: if 0 does not
belong to the spectrum of D; then the bounded coarse index of D vanishes. Via the
Lichnerowicz formula, this result leads to an obstruction to the existence of
Riemannian metrics of uniformly positive scalar curvature on M that are coarsely
equivalent to the originally given one.
In the present paper we shall study a different coarse structure on a complete
manifold (or a proper metric space), one which is adapted to questions of existence
of metrics not with uniformly positive scalar curvature but with properly positive
scalar curvature. By deﬁnition, a Riemannian manifold M has properly positive
scalar curvature if the scalar curvature deﬁnes a proper function from M to ½t;NÞ;
for some real number t: An instructive illustration is obtained by considering the
product S2  Rþ capped by a hemisphere of S3; equipped with the product metric
(on S2  RþÞ this has uniformly but not properly positive scalar curvature, whereas
if we equip it with a metric that gives it a cusp at inﬁnity (with appropriate rate of
decay for the metric on S2) it has properly positive scalar curvature. See Fig. 1. The
two metrics that we have described on S2  R are equivalent from the perspective of
bounded coarse geometry; but they will not be equivalent in the C0 coarse geometry
that we are about to deﬁne.
Deﬁnition 1.1. Let ðM; dÞ be a proper metric space. The C0 coarse structure on M is
that coarse structure for which a set ADM  M is controlled if and only if the
distance function d : A-Rþ vanishes at inﬁnity in A:
In C0 coarse geometry, S
2  R with the cusped metric is not coarsely equivalent to
S2  R with the product metric; the former space is coarsely equivalent to a line,
while the latter space is not.
Fig. 1. The product metric (a), and the cusp metric (b), on S2  Rþ capped by a hemisphere.
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The general machinery of coarse geometry allows us to associate a ‘C0 coarse
index’ to a Dirac operator D on a complete Riemannian manifold M: Once again,
this C0 coarse index takes values in the K-theory group of the algebra of controlled
propagation, locally compact operators on L2ðMÞ; but now one should understand
the phrase ‘controlled propagation’ in the C0 sense. The C0 coarse index is a more
reﬁned invariant than the bounded coarse index, to which it maps via the forgetful
functor from C0 to bounded structures. We prove a vanishing theorem for the C0
coarse index.
Theorem 1.2 (Vanishing theorem). Let M be a connected complete non-compact
Riemannian manifold, and let D be a Dirac operator over M: Suppose that the
spectrum of D is discrete with finite dimensional eigenspaces. Then the C0 coarse index
of D must vanish.
If D is the spinor Dirac operator on a manifold with properly positive scalar
curvature, then it can be deduced from the results of [2] that D has discrete spectrum
with ﬁnite dimensional eigenspaces. Thus we obtain
Corollary 1.3. Let M be a connected complete non-compact spin manifold, and
suppose that the C0 coarse index of the Dirac operator on M is non-zero. Then there is
no Riemannian metric of properly positive scalar curvature on M that is C0-coarsely
equivalent to the given one.
For example, there is no metric of properly positive scalar curvature C0-coarsely
equivalent to the product metric on S2  R:
2. Deﬁnition of the index
In this section we will deﬁne the target abelian group for the index, and we will
construct the index in terms of a coarse assembly map.
Throughout this paper we will study proper, separable coarse spaces, which must
satisfy the following list of axioms. For a proper, separable metric space, the bounded
coarse structure and the C0 structure deﬁned above both satisfy these axioms.
Deﬁnition 2.1. A collection E of subsets of M  M deﬁnes a proper, separable coarse
structure on a Hausdorff topological space M if it satisﬁes the following axioms:
(1) If AAE; and B is a subset of A then B is in E:
(2) If A;BAE then A,B is in E:
(3) If K is a relatively compact subset of M; then K  KAE:
(4) Transposition: If A is in E then
AT ¼ fðy; xÞAM  M : ðx; yÞAAg
is in E:
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(5) Composition: If A and B are in E then
A3B ¼ fðx; zÞAM  M : (yAM such that ðx; yÞAA; ðy; zÞABg
is in E:
(6) Properness: If KDM is relatively compact and AAE then
fxAM : (yAK with ðx; yÞAA or ðy; xÞAAg
is relatively compact.
(7) Separability: There exists a countable locally ﬁnite open cover fUig of M withS
i Ui  Ui in E:
For further discussion of abstract coarse geometry see [3], and for a formulation
derived from the notion of closeness see [5].
Remark 2.2. Conditions 3 and 6 of the deﬁnition imply that for a proper, separable
coarse structure E on M; a subset K of M is relatively compact if and only if
K  KAE:
Deﬁnition 2.3. A C0 (open) cover of M is a countable locally ﬁnite (open) cover fUig
of M with the diameters of Ui tending to zero. A C0 partition of unity on M is a
partition of unity subordinate to some C0 cover.
Note that the separability axiom for M equipped with the C0 coarse structure is
just the statement that there exists a C0 open cover of M: Suppose that M is
topologically separable, i.e. there is a countable dense subset fxig of M: Let r :
M-Rþ be any C0 function, and deﬁne Ui ¼ fxAM : dðx; xiÞorðxiÞg: As the
sequence xi is dense and r is continuous, the sets Ui cover M; while the condition that
r tends to zero ensures that this gives a C0 open cover. Hence topological separability
implies the coarse separability axiom for this structure.
Deﬁnition 2.4. A map Z : M-N between proper, separable coarse spaces is a
coarse map if Z1ðKÞ is relatively compact for all relatively compact subsets K
of X ; and whenever f;c : L-M are close, so also are Z3f; Z 3c : L-N: The
second part of the condition is equivalent to the requirement that fðZðxÞ; ZðyÞÞ :
ðx; yÞAAg is a controlled subset of N  N whenever A is a controlled subset
of M  M:
A sequence of subsets Un of M is proper if for any relatively compact subset K of
M; there exists n0 such that for all nXn0; the intersection Un-K is empty. For the C0
coarse structure the above deﬁnition may be reformulated as follows. A map Z :
M-N is C0-coarse iff for any proper sequence of subsets Un of M with diameters
tending to zero, the sequence ZðUnÞ is also proper with diameters tending to
zero.
Coarse structures are studied analytically via the coarse Cn-algebra or Roe alge-
bra of the space (see [9]). Let M be a proper, separable coarse space and let
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r : C0ðMÞ-BðHÞ be a representation. For TABðHÞ the representation allows the
deﬁnition of the support of T in M  M as follows.
Deﬁnition 2.5. A point ðx; yÞAM  M is in the support of an operator T if for all
neighborhoods U of x and V of y; there exist functions f ; g supported in U ; V
respectively, with rðf ÞTrðgÞ non-zero.
When M is a Riemannian manifold (of dimension greater than zero) we may take
H ¼ L2ðM;EÞ where E is any Hermitian bundle over M: Then for operators with
integral kernels, say kAL2ðM  M; EndðEÞÞ; the support of the operator is just that
of k: We give the deﬁnition abstractly in terms of representations as this will be
technically convenient.
Deﬁnition 2.6. Let M0 be a proper separable metric space equipped with the C0
structure. An operator T is controlled with respect to this structure if its support is
C0-controlled, i.e. the restriction of the distance function d to Support T is a C0
function. An operator T is locally compact if rðf ÞT and Trðf Þ are compact for all
fAC0ðMÞ:
Deﬁnition 2.7. The Roe algebra CnrðM0Þ of M with the C0 structure is the norm
closure of the algebra of locally compact, C0-controlled operators.
Deﬁnition 2.8. The algebra DnrðM0Þ is the norm closure of the algebra of C0-
controlled operators which commute with the representation r modulo compact
operators.
Note that CnrðM0Þ is an ideal in DnrðM0Þ:
Provided that we restrict our attention to representations for which the quotient to
the Calkin algebra C0ðMÞ-QðHÞ is injective, the Roe algebra CnrðMÞ is independent
(up to isomorphism) of the choice of representation. Such representations will be
called ample. The following theorem from abstract coarse geometry, which we state
in the C0 context, gives functoriality at the level of K-theory.
Theorem 2.9. Let M0;N0 be proper separable metric spaces equipped with the C0
structure, and let r1; r2 be ample representations of C0ðMÞ;C0ðNÞ respectively. Let
Z : M-N be a C0-coarse map. Then
* there exists an isometry between the Hilbert spaces such that fðy; ZðxÞÞ :
ðy; xÞA Support Vg is C0-controlled;
* the range of the induced map AdV : C
n
r1
ðM0Þ-BðHÞ is contained in Cnr2ðN0Þ;
* the map on K-theory induced by AdV is functorial, and is unchanged by C0-close
perturbations and by choice of V :
In the case where M ¼ N and Z is the identity map, there is a unitary U satis-
fying the above conditions, and this induces a natural isomorphism
K
*
Cnr1ðM0ÞDK*Cnr2ðM0Þ:
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On the basis of the theorem we will drop the representation from our notation.
Note also that the theorem implies that the K-theory is invariant with respect to C0-
coarse equivalence. The isometry V is called a covering isometry for the map Z: The
map that this induces on K-theory will be denoted Z
*
: K
*
CnðM0Þ-K*CnðN0Þ:
We outline here the proof that covering isometries always exist. Let fUig be a C0
open cover of N; and let Xi ¼ Ui\U1,?,Ui1: Note that the sets Xi partition N
into Borel sets, and when Xi is non-empty, it has non-empty interior. As the quotient
of r2 to the Calkin algebra is injective, the restriction of r2 to any non-empty set Xi
in the partition has inﬁnite dimensional range. The range of the restriction
r1jC0ðZ1ðXiÞÞ; can therefore be mapped isometrically into the range of the
corresponding restriction of r2: The fact that fXig is also a C0 cover ensures that
the isometry constructed in this manner is a covering isometry.
Let M0 be a complete Riemannian manifold equipped with the C0 structure. The
C0 higher index of an operator of Dirac type may be deﬁned in terms of the coarse
Baum–Connes assembly map K
*
ðMÞ-K
*
ðCnðM0ÞÞ:With this in mind we recall the
dual algebra deﬁnition of the (analytical) K-homology of M:
Deﬁnition 2.10. Let A be a Cn-algebra, and let r be a representation of A: Then the
dual algebra DrðAÞ is deﬁned to be the algebra of operators T which commute with
the representation modulo compact operators. For J an ideal in A; the relative dual
algebra DrðA//JÞ is deﬁned to be the subalgebra of DrðAÞ consisting of operators T
for which rðjÞT and TrðjÞ are compact for jAJ:
Deﬁnition 2.11. Let A be a Cn-algebra, and let r be an ample representation of A:
Then KnðAÞ ¼ K
*
ðDrðAÞ=DrðA//AÞÞ:
Provided that we restrict attention to representations r which extend to ample
representations of A˜; the K-theory groups of DrðAÞ and DrðA//JÞ are independent of
the choice of representation (cf. 2.9). We will therefore drop the representation r
from our notation.
For our purposes we are only interested in the commutative case A ¼ C0ðMÞ;
so we will abbreviate our notation to DðMÞ ¼ DðC0ðMÞÞ; and DðM//UÞ ¼
DðC0ðMÞ//C0ðUÞÞ for U an open subset of M: When M is non-compact
DðM//MÞ has trivial K-theory, and hence
K
*
ðMÞ ¼ K
*
ðDðMÞ=DðM//MÞÞDK
*
ðDðMÞÞ:
For a detailed discussion of dual algebras and K-homology, see [5].
We will now give some review of the construction of the assembly map, which will
produce explicit representatives of the higher index.
Lemma 2.12. Let M be a locally compact Hausdorff space. Let SADðMÞ; and let Si
by a sequence of self-adjoint operators in DðMÞ with S  Si locally compact and jjSijj
bounded in i: If ffig is a locally finite partition of unity by compactly supported
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functions, then the sum,
T ¼
X
i
f
1=2
i Si f
1=2
i ;
converges strongly, and jjT jj is at most 2 supfjjSijjg: The operator T is a locally
compact perturbation of S; in particular T is in DðMÞ: When ffig is a C0 partition of
unity, the operator T is C0-controlled.
Proof. For convergence it sufﬁces to show this separately for the two sums obtained
by replacing each Si with respectively its positive and negative part. We may also
rescale so that the norm bound on the sequence Si is 1. In this case 0pf 1=2i Si f
1=2
i p1
for each i; so the sum will converge strongly provided that the partial sums
Tn ¼
P
ipn f
1=2
i Si f
1=2
i are bounded in norm.
As Tn is positive, its norm is given by
jjTnjj ¼ sup
X
ipn
f
1=2
i Si f
1=2
i v; v
* +(  jjvjjp1
)
¼ sup
X
ipn
/Si f
1=2
i v; f
1=2
i vS
(  jjvjjp1
)
p sup
X
ipn
jjSijj jjf 1=2i vjj2
(  jjvjjp1
)
p sup
X
ipn
/fiv; vS
(  jjvjjp1
)
supfjjSijjg
p supfjjSijjg
and hence we have the required bound.
The second part of the statement asserts that for any g in C0ðMÞ; the operator
ðT  SÞg is compact. It sufﬁces to check this for g in the dense subalgebra CcðMÞ:
The support of such g will meet the support of only ﬁnitely many fi in the partition of
unity. Thus ðT  SÞg ¼ ðTn  SÞg; for n sufﬁciently large. As S commutes with the
representation modulo compact operators,
ðTn  SÞg ¼
X
ipn
f
1=2
i ðSi  SÞf 1=2i g; modulo compacts:
As each term is compact, ðT  SÞg is compact as required.
If the support of each fi is contained in a set Ui; then the support of T is contained
in
S
i Ui  Ui: Hence if ffig is a C0 partition of unity, then T is C0-controlled. &
We will apply this to a complete Riemannian manifold with C0 structure as
follows. Take S ¼ Si to be any self-adjoint operator, and take ffig to be a C0
N. Wright / Journal of Functional Analysis 197 (2003) 469–488 475
partition of unity. Then the operator T from the lemma lies in DnðM0Þ: We ﬁnd that
any self-adjoint operator in DðMÞ is a locally compact perturbation of a self-adjoint
operator in DnðM0Þ: Noting that DðM//MÞ is the algebra of all locally compact
operators it follows that DðMÞ ¼ DnðM0Þ þ DðM//MÞ:
Proposition 2.13. Let M0 be a complete Riemannian manifold with C0 structure. The
algebras DðMÞ=DðM//MÞ and DnðM0Þ=CnðM0Þ are isomorphic, and there is an
isomorphism K
*
ðMÞDK
*þ1ðDnðM0Þ=CnðM0ÞÞ:
Proof. It follows from the above that there is an isomorphism
DðMÞ=DðM//MÞDDnðM0Þ=ðDnðM0Þ-DðM//MÞÞ:
For the ﬁrst part of the statement it therefore sufﬁces to check that
DnðM0Þ-DðM//MÞ ¼ CnðM0Þ; and it is immediate from the deﬁnitions that the
former contains the latter.
For the converse inclusion we will again appeal to the process of 2.12. Suppose
SADnðM0Þ-DðM//MÞ is self-adjoint, ﬁx a C0 partition of unity, and let T be
constructed as in 2.12. Then T is C0-controlled, it is locally compact as S is, and
hence TACnðM0Þ: Now for Sj a sequence of C0 controlled operators in DðMÞ
converging to S; construct operators Tj using the same C0 partition of unity. Each
operator Sj  Tj is also C0 controlled and locally compact, and moreover Sj  Tj
converges to S  T by the norm bound from 2.12. Hence S  T also lies in CnðM0Þ;
and splitting an arbitrary operator into self-adjoint and skew-adjoint parts, we
conclude that DnðM0Þ-DðM//MÞDCnðM0Þ:
The second statement follows immediately from the deﬁnitions, and the
isomorphism of algebras. &
Deﬁnition 2.14. For M0 a complete Riemannian manifold with C0 structure, the
assembly map is given by the composition
K
*
ðMÞDK
*þ1ðDnðM0Þ=CnðM0ÞÞ-
@
K
*
ðCnðM0ÞÞ;
where @ is the connecting map in the K-theory long exact sequence associated to the
short exact sequence
0-CnðM0Þ-DnM0-DnðM0Þ=CnðM0Þ-0:
Deﬁnition 2.15. The C0 higher index of a Dirac-type operator D is Index D ¼ @½D;
where ½D is the element deﬁned by D in K-homology, and @ is the above assembly
map.
We shall give a more explicit deﬁnition. Let M0 be a complete Riemannian
manifold with C0 structure, and let D be Dirac-type operator. Then D is an
essentially self-adjoint unbounded operator on L2ðM;EÞ where E is a Clifford
bundle over M: We apply the functional calculus as follows.
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Deﬁnition 2.16. A normalizing function is an odd orientation-preserving home-
omorphism from ðN;NÞ to ð1; 1Þ:
The following lemma is a standard result about elliptic operators. For a
development of the theory of elliptic operators see [5] or [10].
Lemma 2.17. If D is a Dirac operator on a complete Riemannian manifold then cðDÞ
is locally compact for any function cAC0ðRÞ; and wðDÞ commutes with multiplication
operators modulo compacts, for any normalizing function w:
Let wi be any sequence of normalizing functions, and let Si ¼ wiðDÞ:We could ﬁx a
single such function w but it is sometimes convenient to have this extra ﬂexibility. By
the lemma S2i  1 ¼ ðw2i  1ÞðDÞ is locally compact. Let T ¼
P
f
1=2
i Si f
1=2
i where ffig
is a C0 partition of unity. The operator T is self-adjoint, and as each S
2
i is 1 modulo
locally compact operators, the same is true for T : The argument is similar to
the proof in Lemma 2.12 that T is a locally compact perturbation of S: Hence
for q the quotient map DnðM0Þ-DnðM0Þ=CnðM0Þ; the image qðTÞ has spectrum
in f71g:
In the odd-dimensional (ungraded) case we then obtain an element
½DAK0ðDnðM0Þ=CnðM0ÞÞ given by qððT þ 1Þ=2Þ; and the index is given by Index
D ¼ @½DAK1ðCnðM0ÞÞ:
In the even-dimensional case we have E ¼ Eþ"E and we may identify
L2ðM;EþÞ with L2ðM;EÞ as representation spaces of C0ðMÞ: As the bundles
Eþ;E have the same dimension, they are locally isomorphic, so we may partition M
into Borel subsets with the bundles isomorphic when restricted to each set. The
partition provides a direct sum decomposition of L2ðM;EþÞ and L2ðM;EÞ; with
isomorphisms between the summands, respecting the representation. The identiﬁca-
tion is not canonical, but the choice will not affect the K-theory element being
constructed. The operator T is odd and we may identify it as
0 T
Tþ 0
	 

in
M2BðL2ðM;EþÞÞ: We have T ¼ Tnþ and the spectral condition on qðTÞ implies
qðTþÞ is a unitary. Hence we get an element ½DAK1ðDnðM0Þ=CnðM0ÞÞ; and the
index is Index D ¼ @½DAK0ðCnðM0ÞÞ:
3. The vanishing theorem
In this section we will give sufﬁcient conditions for the C0 higher index of a Dirac
operator to vanish. Firstly, we will give conditions on the spectrum of D which
implies that the index vanishes, and secondly, in the case of the spinor Dirac
operator, we will give conditions on the scalar curvature of the manifold which imply
the analytic conditions on the spectrum.
The proof of the spectral version of the theorem in turn consists of two parts. The
ﬁrst part is an analytical result using the spectral condition to show that the index
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construction factors through the K-theory of a certain subalgebra of the Roe
algebra. The second part is to show that the inclusion of this subalgebra into the Roe
algebra induces the zero map on K-theory. The latter step amounts to calculation of
the K-theory for the ray Rþ with the C0 structure, and we will begin with this.
We show that the K-theory group is trivial via an Eilenberg swindle given by
repeated ‘translations’ of Rþ which are C0-close to the identity; we use x/x þ 1xþ1:
Given an operator T with C0 propagation, we may thicken its support in such a way
that we obtain a C0-controlled set containing the supports of all conjugates of T by
powers of the ‘translation’. The main technical step of the Eilenberg swindle is to
establish the existence of such a controlled set.
Deﬁnition 3.1. A function R : Rþ-Rþ is slowly decreasing if it is decreasing and
satisﬁes the following inequalities for all x0; tX0:
ðaÞ Rðx0 þ tÞXRðx0Þð1 t=4Þ;
ðbÞ Rðx0 þ x0t þ 2tÞXRðx0Þð1 t=2Þ:
Lemma 3.2. Any positive C0 function R : R
þ-Rþ is dominated by a C0 function
which is slowly decreasing.
Proof. By a straightforward calculation the function ðx þ 2Þ1=2 is slowly decreas-
ing. Let R˜ðxÞ ¼ ðx þ 2Þ1=2 supfRðx0Þðx0 þ 2Þ1=2 j x0A½0; xg: Setting x0 ¼ x shows
that RpR˜: For any x0; we know that the function Rðx0Þðx0 þ 2Þ1=2ðx þ 2Þ1=2 is
slowly decreasing, hence as the supremum is taken over increasing sets as x increases,
R˜ is also slowly decreasing. As Rðx0Þðx0 þ 2Þ1=2 is a continuous function of x0; the
supremum supfRðx0Þðx0 þ 2Þ1=2 j x0A½0; xg is a continuous function of x:
It remains to show that R˜ tends to zero as x-N: Given e > 0 choose x00 such that
Rðx0Þpe for x0Xx00: Then on ½x00;NÞ the function Rðx0Þðx0 þ 2Þ1=2 is bounded by
eðx0 þ 2Þ1=2; and for xXx0 we have eðx0 þ 2Þ1=2ðx þ 2Þ1=2pe: Hence for xA½x00;NÞ
the inequality
R˜ðxÞpmaxfðx þ 2Þ1=2 supfRðx0Þðx0 þ 2Þ1=2 j x0A½0; x00g; eg
is satisﬁed. As ðx þ 2Þ1=2 tends to zero, it follows that for x sufﬁciently large, R˜pe;
and as e was arbitrary the result follows. &
Deﬁne a homeomorphism a : ½1;NÞ-Rþ by a1ðxÞ ¼ x þ 1
xþ1:
Lemma 3.3. Let R be any slowly decreasing function, and let A ¼ fðx; yÞARþ  Rþ :
jx  yjpRðx þ yÞg: Then the set fða1ðxÞ; a1ðyÞÞ : ðx; yÞAAg is contained in A:
Proof. It sufﬁces to show that ja1ðxÞ  a1ðyÞjpRðja1ðxÞj þ ja1ðyÞjÞ for
ðx; yÞ in A:
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Let Sðx; yÞ ¼ ja1ðxÞ  a1ðyÞj; and note that
Sðx; yÞ ¼ x þ 1
x þ 1
	 

 y þ 1
y þ 1
	 

 ¼ jx  yj  1x þ 1 1y þ 1


¼ jx  yj 1 1ðx þ 1Þðy þ 1Þ
	 

:
We suppose ðx; yÞAA and split into two cases. If jx  yjp1
2
Rðx þ yÞ; then setting
x0 ¼ x þ y and t ¼ 1xþ1þ 1yþ1; inequality (a) of 3.1 implies
Rða1ðxÞ þ a1ðyÞÞXRðx þ yÞ 1 1
4
1
x þ 1þ
1
y þ 1
	 
	 

X 2jx  yj 1 1
4
1
x þ 1þ
1
y þ 1
	 
	 

X jx  yj as 1
4
1
x þ 1þ
1
y þ 1
	 

p1
2
	 

XSðx; yÞ:
On the other hand, if jx  yjX1
2
Rðx þ yÞ; then set x0 ¼ x þ y and t ¼ 1ðxþ1Þðyþ1Þ: Then
a1ðxÞ þ a1ðyÞ ¼ x þ y þ xþyþ2ðxþ1Þðyþ1Þ ¼ x0 þ x0t þ 2t: Hence by inequality (b) of 3.1
Rða1ðxÞ þ a1ðyÞÞXRðx þ yÞ  1
2
Rðx þ yÞt:
Now Rðx þ yÞXjx  yj and by assumption 1
2
Rðx þ yÞpjx  yj so Rða1ðxÞ þ
a1ðyÞÞXjx  yj  jx  yjt ¼ Sðx; yÞ: These inequalities complete the proof. &
Theorem 3.4. Let Rþ0 denote the half-line equipped with the C0 structure. Then the K-
theory groups of CnðRþ0 Þ vanish.
Proof. We want to apply an Eilenberg swindle. Represent C0ðRþÞ on H ¼ L2ðRþÞ
by multiplication, and deﬁne a homeomorphism a : ½1;NÞ-Rþ as above. We will
construct an isometry U : H-H covering the identity, for which an operator T gives
rise to a well deﬁned element T þAdUðTÞ þAd2UðTÞ þ?: The operator we want is
a ‘right translation by a’. To be precise, let UhðxÞ ¼ a0ðxÞ1=2 hðaðxÞÞ for xA½1;NÞ;
and let UhðxÞ ¼ 0 otherwise. The weight a0ðxÞ1=2 makes this an isometry.
Let HN ¼ H"H"H"?; and correspondingly deﬁne a representation
rN ¼ r"r"r"y: Let V be the inclusion of H as the ﬁrst factor of HN: Then
V is an isometry covering the identity on X : Let m be the n-homomorphism
m : T/ð0;AdU T ;Ad2U T ;yÞ from CnrX to BðHNÞ: We will show that the range
of m lies in CnrNX :
Now let W : HN-HN be given by ðv1; v2; v3;yÞ/ð0;Uv1;Uv2;yÞ: As U covers
the identity for the representation r; the isometry W covers the identity for rN: On
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the one hand AdW must induce the identity on K-theory and AdV must induce an
isomorphism. But on the other hand m ¼ AdW 3ðAdV þ mÞ: Thus once we establish
that the range of m lies in CnrNX ; we must conclude that m and mþAdV induce the
same homomorphisms on K-theory. Thus the isomorphism AdV * is zero and so the
groups vanish.
First we will show that for TACnðRþ0 Þ; the operator mðTÞ is locally compact. As U
covers the identity, each term UiTðUiÞn is locally compact, so it will sufﬁce to show
that for f in CcðRþÞ; f mðTÞ; and mðTÞf each have only ﬁnitely many non-zero terms.
Note that inductively aiðxÞpx þ i for all x; i; and hence by a further induction on i;
we have aiðxÞXx þ 1
xþ1 þ 1xþ2þ?þ 1xþi for all i: In particular aið0Þ-0 as i tends
to N: For h in L2ðRþÞ; when we apply Ui we get Uih supported in ½aið0Þ;NÞ:
Hence for all i sufﬁciently large fUi vanishes as required.
Let T be a C0 propagation operator. To complete the proof we will show that
mðTÞ also has C0 propagation. We must show that there is a C0 controlled set which
contains the support of each term of the sequence AdiU T : Let R be a positive C0
function on Rþ with Rðx þ yÞXjx  yj for all ðx; yÞASuppT : By Lemma 3.2 we
may further assume that R is slowly decreasing. By construction SuppðAdU TÞD
fða1ðxÞ; a1ðyÞÞ j ðx; yÞASuppTg; and so by Lemma 3.3 if Supp T is controlled by
R; so is AdU T : Inductively applying 3.3, if Ad
i
U T is controlled by R then Ad
iþ1
U T is
also controlled by R; and hence we ﬁnd that AdiU T is controlled by R for all i: &
There a generalization of this result to products of the form Rþ  K where K is
compact, metrizable and contractible. We will state the generalization without proof
for later use in an example.
Theorem 3.5. For K compact and metrizable, let ðRþ  KÞ0 denote the product
Rþ  K with product metric, and equipped with the C0 structure. The groups
K
*
ðCnðRþ  KÞ0Þ are homotopy invariants of K :
In particular when K is contractible, K
*
ðCnðRþ  KÞ0Þ ¼ 0:
We will now prove the key step of the vanishing theorem, namely that when D has
discrete spectrum with ﬁnite dimensional eigenspaces, the C0 higher index of D
factors through the K-theory of the compact operators.
Theorem 3.6. Let M be a complete Riemannian manifold, and let M0 be the space M
equipped with the C0 coarse structure. Let D be a Dirac-type operator over M with
discrete spectrum and finite dimensional eigenspaces. Let w be a normalizing function.
Then wðDÞ is a compact perturbation of a C0-controlled operator; in particular
wðDÞADnðM0Þ: The element in the K-theory of DnðM0Þ=CnðM0Þ defined by wðDÞ
is ½D:
Proof. We are given a function w; and we must establish that wðDÞ is a compact
perturbation of a C0-controlled operator. Deﬁne boundedly controlled neighbor-
hoods Bj of the diagonal by Bj ¼ fðx; yÞAM  M j dðx; yÞp2jg:
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Claim. For j ¼ 1; 2;y there exist operators Tj over M; and subsets Aj of M  M and
Cj of M; such that
* Tj  wðDÞ is compact;
* jjTj  Tj1jjp2j for j > 1;
* SupportðTjÞ is contained in Aj;
* AjDAj1 for j > 1;
* BjDAjDBj,Cj  Cj;
* Cj is compact.
Once we have established the claim, we proceed as follows. Note that Tj is a
Cauchy sequence and hence converges to an operator T : For all j; the difference
Tj  wðDÞ is compact, and hence the limit T  wðDÞ is also compact. We also want T
to be C0-controlled, and we observe that SupportðTÞD
T
j Aj : For any e > 0 there
exists j with 2joe: For ðx; yÞASupportðTÞ\ðCj  CjÞ we must have ðx; yÞABj ; and
hence dðx; yÞoe: As Cj is compact, the operator T is C0-controlled as required.
We will now prove the claim. Let wj be a sequence of normalizing functions,
with distributional Fourier transform #wj supported in ½2j; 2j : Then wjðDÞ has
propagation at most 2j for each j:
We prove the claim by induction on j: Let T1 ¼ w1ðDÞ; Let A1 ¼ B1; and
let C1 ¼ |: The difference T1  wðDÞ is given by ðw1  wÞðDÞ which is compact by
the spectral hypothesis. As wjðDÞ has propagation at most 21 we have
SupportðT1ÞDA1; and the rest of the conditions are immediate.
We now carry out the induction step. We assume that Tj; Aj; and Cj have been
constructed, and we will construct Tjþ1; Ajþ1; and Cjþ1: Let Kj ¼ wjþ1ðDÞ  Tj: This
is compact as both terms are compact perturbations of wðDÞ: Here we again use the
spectral condition. For a sequence of compactly supported real-valued functions on
M converging to 1 uniformly on compact sets, the corresponding multiplication
operators converge strongly to 1. Thus multiplying by a compact operator will give a
norm convergent sequence. In particular, given Kj we may ﬁnd a compactly
supported function gj : X-½0; 1; such that jjKj  gjKjgjjjp2ðjþ1Þ:
Let Tjþ1 ¼ Tj þ Kj  gjKjgj; let Cjþ1 ¼ SupportðgjÞ; and let Ajþ1 ¼
Bjþ1,ððCjþ1  Cjþ1Þ-AjÞ: See Fig. 2. Certainly Tjþ1 is a compact perturbation of
Tj ; hence it is also a compact perturbation of wðDÞ: As Bjþ1DBjDAj; it follows that
Ajþ1DAj: We need to check that Tjþ1 is supported in Ajþ1; the remaining conditions
are immediate. Note that Tjþ1 ¼ wjþ1ðDÞ  gjKjgj; and wjþ1ðDÞ is supported in Bjþ1:
It therefore sufﬁces to show that gjKjgj is supported in ðCjþ1  Cjþ1Þ-Aj: Certainly
it is supported in Cjþ1  Cjþ1; and it will in turn sufﬁce to show that Kj is supported
in Aj : But Kj ¼ wjþ1ðDÞ  Tj; and we already noted that the ﬁrst term is supported in
Aj ; while the second is also supported in Aj by the induction hypothesis. This
completes the proof of the claim.
The operator in DnðM0Þ constructed to deﬁne the index is a locally compact
perturbation of wðDÞ: The assertion that wðDÞ gives the element ½D in
K
*
ðDnðM0Þ=CnðM0ÞÞ follows immediately. &
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The spectral condition additionally implies that wðDÞ has essential spectrum in
f71g: Hence the index construction will also give an element in K
*
ðKÞ; which of
course is the graded Fredholm index DimKer Dþ DimKerD in the graded case,
and 0 in the ungraded case.
The inclusion K+CnðM0Þ is the same as the map induced by the inclusion of a point
into M; and the index of D is in the image of the induced map on K-theory. If M has an
unbounded component then this factors through an inclusion Rþ+M; and so is zero
by 3.4. Indeed it sufﬁces that there is a sequence of compact components M1M2;y
such that the distance dðMn;Mnþ1Þ tends to zero as n-N: In this case, there is
sequence of path segments tending to inﬁnity, and with the distance from the end of one
to the start of the next tending to zero. Such a sequence gives a space which is C0-
coarsely equivalent to the ray Rþ: When there is a subspace of M; which is C0-coarsely
equivalent to Rþ we say that the coarse equivalence is a C0-embedding of Rþ into M:
Corollary 3.7. Let M0 be a complete Riemannian manifold equipped with the C0
structure, and let D be a Dirac-type operator which has discrete spectrum with finite
Fig. 2. The induction step from Aj ;Cj to Ajþ1;Cjþ1:
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dimensional eigenspaces. If M is odd-dimensional or there is a C0-embedding of R
þ in
M then the C0-higher index of D vanishes.
For a manifold equipped with a spin structure, let D be the spinor Dirac operator.
In this case we have the Weitzenbock formula D2 ¼ rnrþ k=4; where k is the scalar
curvature. In the case of properly positive scalar curvature, the ‘inﬁnite potential
well’ of k combined with ellipticity implies that all spectral projections of D
associated to relatively compact subsets of the spectrum, have ﬁnite rank. This is
equivalent to the condition that D has discrete spectrum with ﬁnite dimensional
eigenspaces. This follows from the results of [2] (Section 3), but we will give a self-
contained proof here.
Theorem 3.8. Let M be a complete spin manifold, E the spinor bundle over M; and D
the Dirac operator on E: Suppose that M has properly positive scalar curvature. Then
D has discrete spectrum with finite dimensional eigenspaces.
Proof. If D has discrete spectrum with ﬁnite dimensional eigenspaces then for any c
in C0ðRÞ; the operator cðDÞ is compact. The converse statement follows from the
spectral theorem for compact operators, so we will prove compactness of cðDÞ for
cAC0ðRÞ: For this it in turn sufﬁces to prove the result for compactly supported
functions c:
Let c be supported in ½N;N; and deﬁne a projection P ¼ w½N;NðDÞ:
Let k : M-R denote the scalar curvature function. Note that the condition
on the curvature implies that k is bounded from below, so there exists tAR;
with kþ t > 0: Let k ¼ ðkþ tÞ1=2 and consider the multiplication operator that
this deﬁnes. This operator is unbounded but has bounded inverse. We will show that
the operator kP is bounded, or equivalently that k : PL2ðM;EÞ-L2ðM;EÞ is
bounded.
Given boundedness of kP; it is easy to establish the compactness of cðDÞ: Note
that k1 is in C0ðMÞ: Thus as cðDÞ is locally compact by elliptic regularity, it follows
that cðDÞk1 is compact. But cðDÞ ¼ cðDÞP ¼ cðDÞk1kP; where kP is bounded,
and hence cðDÞ is compact.
We will now show that kP is bounded using the Weitzenbock formula, D2 ¼
rnrþ k=4: For any smooth section s of E we have 4/Ds;DsS ¼ 4/rs;rsSþ
/ks; sS: Using positivity of the connection term, and the deﬁnition of k we get an
inequality, /ks; ksSp4/Ds;DsSþ t/s; sS:
Sections in PL2ðM;EÞ are in the maximal domain of D: This is immediate
from the construction of the Borel calculus, and hence such sections in fact lie
in the minimal domain, by essential self-adjointness. So for sAPL2ðM;EÞ; there is a
sequence of smooth sections sj-s; and with Dsj- %Ds: The closure of D is
bounded on PL2ðM;EÞ; indeed it has norm at most N: Thus lim supj jjksj jjpCjjsjj;
where C2 ¼ 4N2 þ t: For any compact subset K of M; the restrictions to K
of ksj converge in L
2ðK ;EjKÞ to the restriction of ks: As the norm of ks
is the supremum of the norms of such restrictions, and likewise for ksj; we
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conclude that jjksjjpCjjsjj: Thus multiplication by k has norm at most C on
PL2ðM;EÞ; and in particular we have established the claim that kP is a bounded
operator. &
Philosophically this theorem shows that a complete manifold with properly
positive scalar curvature is almost compact for the purposes of index theory.
We will now give the vanishing theorem under the properly positive scalar
curvature hypothesis. To deal with the case where Rþ does not C0-embed in M; we
assume that the components are uniformly spaced, i.e. there exists e > 0 such that
any two distinct components are of distance at least e apart.
Theorem 3.9. Let D be the spinor Dirac operator on a complete spin manifold M with
properly positive scalar curvature, and let M0 denote M equipped with the C0 coarse
structure. If M is odd-dimensional or there is a C0-embedding of R
þ into M; then the
C0-higher index of D vanishes. If M is even-dimensional and the components of M
are compact and uniformly spaced, then K+CnðM0Þ induces an injection
Z+K0ðCnðM0ÞÞ and Index D is the image of the graded Fredholm index of D under
this map.
Proof. The ﬁrst part of the statement is immediate from 3.7 and 3.8. All that remains
is to establish that when the components of M are compact and uniformly spaced,
then K+CnðM0Þ induces an injection on K-theory.
Enumerate the components of M as M1;M2;y; and note ﬁrst of all that any
element in the image of K0ðKÞ can be represented in terms of operators supported
over M1: For any C0 operator on M there exists N such that for n > N the operator
does not propagate between Mn and any other component. Let AN denote the
subalgebra of operators in CnðM0Þ with this property. Then CnðM0Þ ¼ N AN : By
continuity of K-theory it will sufﬁce to show that K0ðKÞ injects into K0ðANÞ for all
N:However AN is the direct sum of the algebra of compact operators supported overS
npN Mn; and the subalgebra of AN which is supported over
S
n>N Mn: The map
K0ðKÞ-K0ðANÞ is induced by the inclusion of K into the ﬁrst summand which is just
the compact operators on some larger Hilbert space. Thus K0ðKÞ maps
isomorphically to the K-theory of the ﬁrst summand of AN ; so in particular it
injects into K0ðANÞ: &
4. Non-vanishing examples of the index
In this section we will ﬂesh out the example from the introduction, illustrating the
distinction between the bounded and C0 coarse structures. In particular, we will give
an example where the C0 higher index is non-vanishing, but the bounded higher
index vanishes. We will also use the non-vanishing of certain C0 higher indices to
prove a theorem about perturbations of metrics on compact spin manifolds.
The following deﬁnition formulates the coarse excision property in the contexts of
bounded and C0-coarse geometry.
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Deﬁnition 4.1. If M ¼ X,Y then the decomposition of M into X and Y is
boundedly excisive if whenever U ;V are neighborhoods of X ;Y respectively with
x/dðx;XÞ a bounded function on U ; and x/dðx;YÞ a bounded function on V ;
then x/dðx;X-Y Þ is a bounded function on U-V :
The decomposition of M into X and Y is C0-excisive if whenever U ;V are
neighborhoods of X ;Y respectively with x/dðx;X Þ a C0 function on U ; and
x/dðx;YÞ a C0 function on V ; then x/dðx;X-Y Þ is a C0 function on U-V :
We now state a theorem from abstract coarse geometry.
Theorem 4.2. The functor M/K
*
CnM on abstract coarse spaces, has Mayer–
Vietoris exact sequences for any decomposition which is excisive with respect to the
given coarse structure. In particular let M0 denote a metric space M equipped with the
C0 structure. Then the functor M/K*C
nðM0Þ on metric spaces has Mayer–Vietoris
sequences for C0-excisive decompositions.
Our example will be the manifold illustrated in Fig. 1(a). This has uniformly
positive scalar curvature and hence the bounded coarse index vanishes, however it
does not have properly positive scalar curvature and indeed the C0 coarse index does
not vanish, so no C0 perturbation of this metric has properly positive scalar
curvature. The calculation of the index in this case is simpliﬁed by the fact that this
manifold is C0-contractible as deﬁned below.
Deﬁnition 4.3. A proper separable metric space M0 equipped with the C0-coarse
structure is C0-contractible if for every controlled set A in M  M there is a
controlled set B in M  M such that for every subset U of M with U  UDA there
is a subset V of M containing U with V  VDB and with the inclusion of U into V
null homotopic.
For C0-contractible spaces, the C0 coarse Baum–Connes conjecture states that the
C0 assembly map is an isomorphism. See [4,12,13] for further discussion of the coarse
Baum–Connes conjecture.
Theorem 4.4. Let M denote the manifold illustrated in Fig. 1(a). Let M0 denote M
equipped with the C0 coarse structure, and let D be the spinor Dirac operator on M:
Then K1ðCnM0ÞDZ with generator Index D: In particular this C0 higher index is non-
zero.
Proof. The Dirac operator on M gives the generator for the K-homology group
K1ðMÞDK1ðR3ÞDZ: This group may be computed by repeated suspension
isomorphisms, starting from the K-homology of a point, K0ðptÞ: We may regard
M as being embedded in R4; and then splitting R4 into two half spaces, will split M
into two spaces with trivial K-homology, see Fig. 3. The Mayer–Vietoris sequence
then gives a suspension isomorphism from M to M-R3 which is a union of a
hemisphere of S2 with the product S1  Rþ: Repeating the process two more times,
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by splitting R3 and then R2 into half-spaces, will reduce M to M-R1 which is a
point. In each step, the boundary map takes the Dirac element in K-homology to the
Dirac element for the corresponding spin structure on the intersection. Note that the
Dirac operator for a point amounts to the zero operator on a one-dimensional space
graded as C"0: This has graded index 1, and gives the generator for K0ðptÞ: We
then conclude that the K-homology is inﬁnite cyclic with generator ½D as claimed.
Note that these decompositions are C0-excisive. However the ﬁnal decomposition
is not boundedly excisive, which is why the result fails for bounded coarse geometry.
As the decompositions are C0-excisive, there are corresponding Mayer–Vietoris
sequences for K
*
CnðM0Þ: The Eilenberg swindle 3.5 shows that the intersection of M
with either of the half-spaces of R4 gives a space for which the corresponding Cn-
algebra has trivial K-theory. It follows that this again induces a suspension
isomorphism and the same is true for the decompositions if R3 and R2: Hence we
may repeat the above computation of the K-homology to show that K
*
CnðM0Þ is
obtained from K
*
Cn(pt) by a dimension shift. As K
*
ðptÞDK
*
CnðptÞ; combining the
suspension isomorphisms we conclude K
*
ðMÞDK
*
ðCnM0Þ; i.e. the coarse Baum–
Connes conjecture holds for the space M with the C0-structure. The isomorphism
identiﬁes Index D with the generator ½D in K1ðMÞ which completes the result. &
This contrasts with the following theorem, which is a speciﬁc case of the bounded
version of the vanishing theorem from [9].
Theorem 4.5. Let M denote the manifold illustrated in Fig. 1(a). Let Mb denote M
equipped with the bounded coarse structure, and let D be the spinor Dirac operator on
M: Then Index D ¼ 0:
We conclude by sketching an application of the C0 vanishing theorem in the case
where the components of M are compact.
Deﬁnition 4.6. Let d1; d2 be Riemannian metrics on a compact manifold C: The
metrics are e-close if d1ðx; yÞ  Epd2ðx; yÞpd1ðx; yÞ þ E for all x; yAC:
Deﬁnition 4.7. Let C be a compact Riemannian manifold, and let k denote the scalar
curvature of C: The Riemannian manifold C has R-uniformly positive scalar
curvature if k is bounded below by R:
Fig. 3. The decomposition of S2  Rþ capped by a hemisphere.
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Theorem 4.8. Let C be any compact Riemannian spin manifold. Then there exists
R > 0; e > 0; such that no metric on C which is e-close to the given metric, has
R-uniformly positive scalar curvature.
Note that it follows from the results of [6] that given C there exists R > 0; e > 0
such that there is no R-uniformly positive metric on C for which the metric tensor
differs from the given one by at most e: Our result strengthens this, however the
bounds we obtain are not explicit.
The corresponding statement for uniformly negative scalar curvature would be
false. The existence of metrics of negative curvature approximating any given metric
on a manifold of dimension at least three is discussed in [7].
Proof. Let M ¼ C N with the product metric, and let M0 denote M with the C0
structure. The statement of the theorem is equivalent to the statement that M
admits no metric of properly positive scalar curvature, which is C0 coarsely
equivalent to the given one. Let us suppose that such a metric exists. On the
complement of a ﬁnite set of components of M the metric will be uniformly positive,
and by a further C0 perturbation of the metric we may assume that the metric
has both properly positive and uniformly positive scalar curvature. This further
condition implies that the Fredholm index of the spinor Dirac operator is
zero, and hence the vanishing Theorem 3.9 implies that IndexðDÞ vanishes in
K
*
CnðM0Þ:
We will now show that the index cannot vanish in this case. By the Steenrod
property of K-homology, K
*
ðMÞ ¼ QN K * ðCÞ: The Dirac element ½D is given by
the sequence ð½DC ; ½DC ; ½DC ;yÞ where DC is the Dirac operator on C: Each term
½DC  is non-zero, as it restricts to a non-zero element in K* ðUÞ for any chart U of C
(see [5]). The assembly map factors through the coarse K-homology group which in
tthis case is given by KX
*
ðM0Þ ¼ KDM compact K* ðM=KÞ ¼ IDN finite K* ðptÞ Q
N\I K * ðCÞ: Note that the Dirac element is also non-zero in this group.
In general the C0 coarse Baum–Connes conjecture asserts that the assembly map
KX
*
ðM0Þ-K*CnðM0Þ is an isomorphism. In this case the conjecture holds. Choose
a smooth triangulation of C: For any simplex s of C it is straightforward to
show that the C0 coarse Baum–Connes conjecture holds for the subset sN of M:
It follows from 4.2 and an induction on the number of simplices, that the C0
coarse Baum–Connes conjecture holds for C0 N where C0 is any subcomplex of C:
Hence IndexðDÞ is non-zero in K
*
CnðM0Þ; and this contradiction completes the
proof. &
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While writing this paper we became aware of the preprint of Chen and Wang [1].
This paper independently introduces a Roe algebra from ‘asymptotic coarsening’
which amounts to the Roe algebra associated to the C0 coarse structure introduced
here.
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